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ABSTRACT: We present a method for the direct extraction of rational contributions to
one-loop scattering amplitudes, missed by standard four-dimensional unitarity techniques.
We use generalised unitarity in D = 4 — 2¢ dimensions to write the loop amplitudes in
terms of products of massive tree amplitudes. We find that the rational terms in 4 — 2¢
dimensions can be determined from quadruple, triple and double cuts without the need for
independent pentagon contributions using a massive integral basis. The additional mass-
dependent integral coefficients may then be extracted from the large mass limit which can
be performed analytically or numerically. We check the method by computing the rational
parts of all gluon helicity amplitudes with up to six external legs. We also present a simple
application to amplitudes with external massless fermions.
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1. Introduction

The main goal of the Large Hadron Collider, due to start experiments later this year, is to
explore the electroweak symmetry-breaking scale and search for new physical phenomena
at the TeV scale. In order to effectively achieve this goal it will be necessary to have precise
predictions of backgrounds within the Standard Model and particularly for the enormous
number of QCD or QCD-associated events that could mask the effects of new particles.
At the present time much progress has been made towards completing calculations
for important cross sections [[l]. For a selected number of processes, NNLO precision
may be necessary but for the majority of events it is expected that NLO predictions will be
sufficient. Because generic signals of new phenomena will be associated with the production
and subsequent decay of heavy particles, the main source of backgrounds comes from
multi-jet final states. One of the most important ingredients for such multiparticle NLO

cross sections is the virtual matrix elements. The traditional Feynman approach to such



calculations is extremely computationally intensive due to the rapid growth in the number
of diagrams with the number of external legs.

On-shell techniques, pioneered by Bern, Dixon and Kosower during the mid-nineties [2,
B, offer an elegant alternative to the traditional Feynman approach. When constructing
loop amplitudes from on-shell objects one works only with the physical degrees of freedom
which can substantially reduce the complexity of the calculation. Loop amplitudes are re-
constructed by sewing together products of on-shell tree amplitudes to extract information
about the branch cuts in each channel of the momentum invariants. This information can
then be used to find the coefficients of the known scalar integral basis [{]-[f]. In supersym-
metric theories performing the on-shell cut in four dimensions is sufficient to reconstruct
the full amplitude, whereas in QCD we will be left with additional rational terms. Knowl-
edge of universal factorisation and use of triple as well as double cuts [[] can be used to
supplement this approach and reconstruct full amplitudes in some cases to all multiplicity.

More recently on-shell techniques have seen renewed interest, via excursions into
twistor space, through developments exploiting the use of complex momenta. On-shell
recursive techniques at tree-level [B, [J] use basic complex analysis and universal factori-
sation properties to write simple relations between on-shell amplitudes. These relations
have been used successfully to derive compact analytic expressions for a wide variety of
processes. Since the use of complex momenta ensures that three-point amplitudes are well
defined on-shell, it is also possible to refine the generalised unitarity procedure and isolate
individual coefficients of the integral basis [[[(J]. Using spinor integration techniques [, [.2]
it has been possible to derive analytic expressions for the cut-constructible parts of all six-
point gluon amplitudes [T, [[J]. Such techniques are not restricted to massless theories and
have also been developed for massive theories. They can also be applied to D-dimensional
cuts [[9, B0, [4-[L§], with recent applications to some examples of complete gluon ampli-
tudes [21, 9.

Given that the integral coefficients are rational functions of the external momenta it
makes sense to look for a purely algebraic procedure which avoids any explicit integration.
Cutting four propagators in four dimensions completely freezes the loop integral which
allows integration to be replaced by algebraic operations [[I(]. After integrating a generic
triple cut over the on-shell delta functions a one dimensional integral still remains and
it is difficult to separate any new independent functions from the residues of previously
computed, higher order poles. Ossola, Papadopoulos and Pittau showed that by a special
parametrisation of the loop momentum one can find a systematic way to compute these
higher order terms [23]. After a subtraction of such terms at the integrand level the remain-
ing terms can be found by solving an algebraic system of linear equations. This method
has been shown to be successful in the context of Feynman diagram calculations [24-Rq
and have been implemented in a public code CutTools [27).

A powerful analytical approach is the one by Forde who used simple complex analysis
to go beyond the OPP approach and isolate the coefficients of the scalar integrals [R§].
Introducing a complex parametrisation for the loop momentum, the coeflicients are then
completely determined through the limiting behaviour of the products of tree amplitudes.
In particular this avoids the need to solve an algebraic system of equations and leads directly



to compact analytic expressions for the coefficients. One can understand this procedure
further by observing that the non-trivial integrations are simply contour integrals in the
complex plane which, after application of Cauchy’s theorem, give compact descriptions
of triangle coefficients [29]. This method has been generalised to accommodate arbitrary
internal masses [B(] and, with modifications to remove higher order poles from the complex
plane, shown to be an efficient numerical tool [BI]|]. The technique has also shown to be a
powerful tool for analysing non-trivial cancellations in gravitational theories [B7 and for
analytic computations of multi-photon amplitudes [B3, B4].

Two alternative approaches to the computation of the rational terms have been followed
in recent years. The first of these is the use of loop-level recursion relations exploiting the
multi-particle factorisation properties [B§-B7]. This method has been used successfully to
derive analytic expressions for many helicity amplitudes up to eight final state gluons [Bg],
as well as all-multiplicity expressions for one-loop MHV amplitudes [B9, f(]. The method
applies equally well to amplitudes with massive external particles where amplitudes with
gluons coupling to a Higgs boson have also been derived [[]-[E. A good review of these
new techniques together can be found in reference [I4. These recursion relations have
been combined with the coefficient extraction of Forde to produce an automated C++ code,
BlackHat [BI]. Computation of amplitudes with up to eight external gluons have shown
promising speed and accuracy at fixed precision.

The second method is to use D-dimensional cutting techniques which also completely
determine the loop amplitude [, 6. Recently much progress has been made towards
a numerical approaches to these techniques, based on the OPP approach. This has been
shown to be much faster [[[7]] than the current Feynman based techniques [i§-FJ]. Giele,
Kunszt and Melnikov [5J] have used an approach using higher integer dimensions to provide
a purely numerical procedure for the evaluation of the D-dimensional coefficients. This has
been implemented in a Fortran code, Rocket, and used to compute gluon amplitudes with
up to 20 external legs [p4]. Very recently this method has also been applied to amplitudes
with massive fermions [pf]. Ossola, Papadopoulos and Pittau have also proposed a tech-
nique to calculate these rational parts [2g] using a massive integral basis which motivates
the construction we present here.

The purpose of this paper is to extend the current D-dimensional approaches to com-
putations of rational terms by making use the complex analysis techniques used by Forde
for the cut-constructible terms [R§]. This allows us to compute analytic expressions for
full one-loop amplitudes within a single framework and sheds further light on the efficient
computations of full one-loop amplitudes. Just as in Forde’s analysis, this avoids the need
to solve an algebraic system of equations present in the OPP approach and leads directly
to compact analytic expressions. The main simplification arising from this analysis is the
separation of pentagon contributions, which vanish in the four-dimensional limit and so
are eliminated from the computation. This leaves the rational terms in terms of tree am-
plitudes evaluated in the large-mass limit of box, triangle and bubble cuts. Alternatively
this procedure can be understood as a contour integration for a complex mass parameter
where the radius of the contour is taken to infinity. For the main part of this paper we
concentrate on amplitudes with external gluons though the methods presented should also



apply to more general external states by using the full D-dimensional tree amplitudes. This
is demonstrated using a simple example involving massless external fermions. In section [
we review the D-dimensional integral basis and the general form of the rational terms. In
section [] we describe how each of the components of the 4 — 2e-dimensional basis can be
determined from the large mass behaviour of four-dimensional, massive, generalised cuts.
Section ] we present some analytic examples of gluon amplitudes with up to six external
legs and outline a simple numerical implementation. We then present a simple application
to a four-point massless fermion amplitude in section [| before giving our conclusions. Some
additional notes on mass dependence of the one-loop integrands and general forms of the
boundary expansions are given in an appendix.

2. Notation

Throughout this paper we will be considering colour-ordered helicity amplitudes. We use
the standard spinor-helicity formalism to describe all momenta and external wavefunc-
tions [6-p1]. Two component Weyl spinors are written as

(@) =1p),  Ap) =p]. (2.1)

The indices of the two-component spinors are raised and lowered using two totally anti-
symmetric tensors €,3 and e &8 where €12 = €j; = 1. The scattering amplitudes are then
written in terms of spinor products defined by,

A (P)Aa(@) = (pa),  Xa(p)A%(q) = [pg]. (2.2)

Throughout the paper all momenta are written in matrix form via contraction with the
Pauli 0 matrices:

p” = (pla”|p], P 0ai = [P)alplas (2.3)

where we use a shorthand notation,

p=Ip)lpl. (2.4)

For numerical evaluation of the spinor products we have used the standard approach as
outlined in reference [fJ). Modifications to accommodate complex and massive momenta
have recently been implemented in a Mathematica package [fJ.

3. D-dimensional cuts and rational terms

In this section we review the D-dimensional integral basis as considered in previous con-
structions [5, PG, [[4. Here we focus on the connection between the 4 — 2e dimensional
representation and that associated with an effective mass u? [64, [, ).

We begin by writing a general 1-loop amplitude in terms of a D-dimensional n-
point function,

[ d N{pi}, 1)
A= [ G K —md) . (T —my Y




The numerator function A contains all information from external polarisation states and
wavefunctions and tensor structures from the loop momenta. Since we are concerned with
computing the four dimensional limit it is useful to decompose the loop momenta as,

W= 1, (3.2)

where [ contains the four-dimensional components and [ [—2¢] contains the remaining D—4 =
—2¢ dimensional components. Using D-dimensional Passarino-Veltman reduction tech-
niques on (B.1]) allows us to reduce to a basis of scalar integral functions with rational, but
D-dimensional, coefficients [5d],

A(l 265 Ks IgKr + Zé4§K4(D)I£K4
Ky

- Z Carea (D)5, + ) Cosrca (D) I, + Co(D)IY (3.3)
Ko

where we define the sets of external momenta, K, as the set of all ordered partitions of
the n external particles into r distinct groups (the ordering is defined by that of the full

amplitude AY )

. We proceed by writing the amplitude in terms of an integral basis with D
independent coefficients at the cost of expanding the basis of integral functions. Working in
the four dimensional helicity (FDH) scheme! [56, 7] we keep all the external momenta and
sources in four dimensions which means that the dependence on D can only arise through

contracting the loop momentum with itself,
=07+ l[2_2€] =17 -2 (3.4)

We can now interpret all dimensional dependence of the coefficients in terms of their de-
pendence on p2. We also know that in any renormalisable gauge theory the maximum rank
of an n-point tensor integral appearing in the amplitude is n, hence for the box functions
we can have up to a maximum power of ;* in the coefficient and up to p? in the trian-
gles and bubbles. The pentagon integral is only an independent function in D dimensions
since we can find poles in the D — 4 dimensional sub-space. As a result, the coefficient of
this function in D = 4 — 2¢, or residue around the extra dimensional poles, can have no
dependence on €. Therefore we arrive at a new basis,

ADD Z Cs s Ik,

4 D
4 4 4 ) 2%}
Z I4K Z I4K Z I4K ]+ZC3K3[3K [1]

K3

Z I3 Kg +ZC2§K212;K2 +ZOQ KQIQ K2 ] +Cllll) (35)
Ky

Tt is straightforward to convert gluon amplitudes into the t Hooft Veltman scheme by subtracting a
factor of <L A¢yee from the result in the FDH scheme. Similar relations exist for amplitudes with external

fermions [@]



The integrals over u? can be performed by separating the integration into 4 and D — 4

dPl,  [d(p?) [ d'
/ W_/ (2m)—2¢ / (2@14' (3.6)

It is fairly straightforward to write the four new integrals in terms of higher-dimensional
scalar integrals using [i6, 4],

dimensional parts,

r—1
12 = P ID — 4+ k). (37)
k=0

We also use the dimensional shift identity [f§] to decompose the pentagon integrals?

(D — 4) 1< _
Q) = 5 ID+2 Z St + 3 SN Sij114;Kéz—>, (3.8)
i=1 j

Sij = = (mi +m3 —p;). (3.9)

l\DI»—\

In the above K éi) is one of the five sets of four partitions obtained cyclically merging two
adjacent partitions of a given pentagon configuration Ks5. After this is done the explicit
D-dependence of the amplitude is restored [5):

AWD _ D — 420 ID

2] ;D 2 (D—4 4] 7D+4
+> Curilik, +2 204 walum, T Z CiircLisrs
Coro TP E 0[2} 7D+2 Coro ID
+ > sy lilic, + 5 DG lsds + ) Curali,
K3 K3 Ky
D -4 2] yD+2 D
+ =5 N O TN+ Oup, (3.10)
K>
where
Ciry = 4K4 + ZZS 105 K (3.11)
=1 7
Csircy = Coips Sy (3.12)

After taking the 4-dimensional limit, D — 4—2¢, we find that the integral basis reduces to a
combination of box, triangle and bubble integrals but at the cost of introducing additional
rational terms,

A2 _ 204 Kl +Y Car i+ Y Cory Iy +C1I >+ Ry +0(e). (3.13)

2We refer the reader the [@] for full definitions of the quantities in eq. (@) although we point out that

1)n+1

all integrals include a factor of (— in their definition. The essential information is that the coefficients

are just functions of the external momenta and the internal masses.



The final step is to identify how the higher dimensional integrals in (B.1() contribute to
the rational terms. This is surprisingly simple since the scalar box and scalar pentagon
integrals are finite in 6 — 2¢ dimensions and don’t contribute to the rational part. The

remaining three terms, written in terms of integrals over p, are,

€e— 1
fo =

67

—2¢ e—0 1

Iél 2 [lu2] - _57

—2¢ e—0 1
L%l = —5 (s —3(mi +m3)). (3.14)

The rational terms are thus given by [pd, B4, [L§,

1 4 1 2 1 2
R =5 2_Cilis = 5 2 Ciiie, — § 2 (K3 = 3(m + m3)) O, (3.15)
K4 KS K2

4. Extracting the integral coefficients using massive propagators

To extract the integral coefficients using generalised unitarity we need to solve the con-
straints which put the various propagators on-shell [} To generalise this to the D-
dimensional case we also need to extract the u dependence of the coefficients as defined
in eq. (B.§). Since the extra dimensions in the loop momentum can be interpreted as an
effective mass term, it is possible to construct the full amplitude from tree amplitudes
where the internal legs have a uniform mass:

B-pw=0=10=p2 (4.1)
This method has been used successfully within the standard unitarity cut technique [&, i6]
and in conjunction with spinor integration [[§, B, P9]. Solving the system of on-shell
constraints can then be achieved in exactly the same way as the four-dimensional massive
case [B(J]. For the current study we also consider ourselves to be restricted to cases with
D-dimensional scalars with massless external fermions and gauge bosons.

4.1 Box coefficients

In this section we will show that by extracting the coefficient of the D-dimensional box
directly using Forde’s formalism [§], we can ignore the pentagon coefficients entirely. We
begin by choosing the four-momentum, {1, to be parametrised by,

I = aK} + bK7 + o K)[K]| + d|K7) K. (4.2)
where the K ?74 define a massless basis in terms of two of the external momenta:

by 14 (114K — S4Ky) by 14 (n1al — S1Ky)
K4 - 2 ’ Kl - 2 )
Vi — 5154 Y14 — S154

Y14 = K1 . K4 + \/(Kl . K4)2 - 5154, (43)




Figure 1: A general quadruple cut with loop momentum flowing clockwise and all external mo-

menta outgoing.

for S; = Kl2
The four on-shell constraints then fix the coefficients:
_ ab — u?
b = aK}+ 0KS + | KK + 22— K K
= - —|K)K
R

where

~ S1(Sa+m4) - ~ S4(S1 + 114) ! + /e — depes

3, — 518y 43— 518 = 2cy
e = (K| Ko | K3),
1 = a(K)| Ko |K3] + b(K°| Ky | K8 — Sy — 2K - Ko,

2
o = (ab - —) (KA K.
Y14

For the quadruple cut we find that both solutions for 14 are degenerate.
Now consider the quadruple cut:

4

(47)P/? / éi;lD(—27ri)4H6(l-2)A1A2A3A4
i=1

)P/ / 2 / d411H5 — 12) Ay Ay A3 A,
i=1

D/Z/

[Infuz [A1 A2 A3 Aq(17))]

p>

poles{i}

u — 7

Res 2_ A1A2A3A4(l ))

(4.4)

(4.9)

The first term encodes all the information from the boundary of the y contour integral.
The Inf operation therefore takes the form of a polynomial in g which is cut off at some



maximum power,
p
Inf o [f ()] = > cpp® (4.10)
k=0

The second term contains information about the pentagon coefficients since it has an extra
propagator in u? we can identify these terms with coefficients in the basis by performing a
partial fractioning in p? and comparing with equation (B.10):

Res,2_ 2 (A1 A A3 A4(19))

p? — p?
M2R68u2:u%(A1A2A3A4(if)) Resuz:“§(A1A2A3A4([‘f))
s - 2 . (4.11)
i (12 — ) 1

The first term in the last equation gives the contribution to the D+ 2 dimensional pentagon
integral whereas the second term combines with the x? component of the boundary term
to form the coefficient of the D = 4 — 2¢ dimensional box integral. It is true in any case
that neither of these terms contribute to the rational part and therefore we can extract the
information from standard four dimensional cuts. Explicitly we find,

2Res, o 2(A1As A3 A
/d—25 H /ﬂ—u?z( 1 22 344) =0, (4.12)
i (1* = p7)

which matches up with the vanishing of the D + 2 dimensional pentagons from equa-
tion (B.1().

The rational contribution is therefore found by looking at the behaviour of the product
of the four tree amplitudes at large values of u,

—Zlnf (A1 Ay A5 Ay (I9)] Z el (4.13)

= clf = ZInf [A1 A2 A3 A (I9)]] (4.14)

where we have remembered that the quadruple cut of the scalar box integral is —i(4m)?/2.

In the final formula, the Inf > operation has been restricted to the coefficient of the pt term
of the polynomial. We discuss the maximum possible power of u? appearing in eq. ({.13)
in appendix [A]. Tt is straightforward to look at the limit u — oo by performing a Taylor
expansion to give analytic expressions.

4.2 Triangle coefficients

We next consider the triple cut integrals® which, with the new dependence on y, can be writ-

3We have suppressed the factors of ¢ and 72 in the triple and double cuts, these are implicitly put back
in when writing the formulae for the coefficients.



Figure 2: Momentum conventions for the triple cut; all momenta are outgoing and the loop
momentum flows clockwise.

ten as,

/d %/d‘*zll'[a 1) Ay Az As

= / d*p / dtJ; (Infuz [Inf,[A1 A9 A3)] + ) Inf [ReShti(AlAzAs)}

t—1t;
. Z Res,2_ 2 (Inf;[A1 A2 A3)) N Z ReSHz:H? (Resi—, (A1A2A3))> (4.15)
i w2 — irj (¢ = )" = 45 |

Defining K '{’3 analogously to equation (f.3), we choose a loop momentum basis,

ab%?,

I = aK} 4 bK? 4+ t|K3)[K8| + |K1>[K3| (4.16)

which ensures that there all integrals over ¢" and 1/¢" vanish [Bg],

1
/ dtItm = 0, / dt o = 0. (4.17)

The second and fourth terms can be directly associated with the previously calculated
scalar box coefficients. This is due the presence of an additional propagator term and the
lack of t-dependence in the numerator. We can also show that the third term does not
contribute to rational part by applying partial fractioning in an analogous way to the box
case. Of the two terms obtained, one will be associated with the 6 — 2¢ dimensional boxes
and the other with the 4 — 2¢ triangle coefficient which is cut-constructible.

Therefore the leading p?> dependence of the triangle functions can be completely de-
termined through the boundary behaviour:

c Z Inf 2 [Infy[Ay A2 A3 (I7)]|0]] 2 (4.18)

One must also sum over the two solutions, o, for the loop momentum. For the massless
case when S # 0 and S3 # 0 it is sufficient to sum over the two solutions for ;3. However,

— 10 —



Figure 3: Pure Bubble and Triangle terms contributing to the bubble coefficients.

in general it is necessary to sum over the solution /; given above in eq. (E1G) and conjugate
solutions given by,

ab713

i = aK3 + bK] + t|KD)[K3| + !K3>[K1\ (4.19)

evaluated at a fixed value of v13. This applies equally well to the one and two mass triangles
when one or both of 51,53 vanishes and there is only a single solution for 3. As for the
box case, we postpone justification of the form of eq. (J1§) to appendix [].

4.3 Bubble coefficients

Finally, we find the double cut integral using the following basis for the loop momentum:

_ Sy(1— K
hzyK?+JL§JQX+ﬂKDM%%@ﬂ—yﬁ&—ﬁ)kéyﬂ, (4.20)
where
b S1 _
Kr=Kr“7x, ¥ =2(K1 - x). (4.21)
The cut integral can then be decomposed into,
/ d=*u / d4l1H5 1%) Ay Ay
= / d=*pu / dtdy Jy, Inf 2 [Inf,[Inf, [A; Ao])]
Resy—y, (A1As2) Resi—, (Inf, [A1 A2])
-t [F R | 5 [Rem
R R AA Res 2_ 2 (Inf;[Inf,[A1 A
—i—ZInf [ e s 2))] +Z w2 ul( 2 ! 2y[ )
(y —w)(t —tj) - p2 — p
Res, > 2 (Inft[Resy v (A1A2)]) Res, > —2 (Rest tz(Inf [A142]))
+§: -
Res 2, Rest t; (Resy=y,[A142]))
+3° e (4.22)

Pyt /t—uﬁﬁ—wﬂy—%)

— 11 -



The last four terms contain residues in p and as such cannot contribute to the rational
terms. Of these terms, the pure p? — ,u? pole will also have a contribution to the yu =
0 (or cut-constructible) bubble coefficient. The fourth term, in which the numerator is
completely independent of y and ¢, can also be discarded as it has two propagator terms
and can therefore only come from scalar box integrals. The remaining terms do have
contributions to the bubble coefficient, and as described by Forde [P§], can be determined
by computing the Inf expansions for both y and ¢ for both the double cut and triple cuts
with non-vanishing integrals over ¢. The additional 1 dependence is again determined by
looking at the large p behaviour:

Oyl = —ilnf Ty [Inf, (A1 As (11 (y, b, 12)])]] 2 00,4y, (4.23)
ri( K. 1 7
Oy IR = —5UZ:;EInfuzlnft[AlAgA?{@(zl(yg,t,ﬁ)mug,%ﬂ (4.24)
with the full bubble coefficient being a sum of the pure bubble and triangle subtrac-
tion terms:
02[2} = ;Dub’m + Z C;ri(Kg)m. (4.25)
{3}

The functions T; and Y; have been computed recently in references [R§, Bd] for arbitrary
kinematics. Explicitly with a uniform internal mass we have,

2
Yo =1 YIZ% yg:%<1—’“‘—>. (4.26)

Solving the additional on-shell constraint, (I; + K3)2 = u?, for the triangle subtraction
terms gives the two solutions for y as,

. (O== 012 + 4CyCy

4.27
Y+ 202 ) ( )
where
Cy = S1{x|K3|K7), (4.28)
Cy = (K| K3 K3) — Sit (x| K3|x] + S1 (x| K3|K3), (4.29)
Co = ¥t (K7| Ks|x] — p* (x| K3| K7] + 7S5 + 51 (x| K3]x]. (4.30)
The non-vanishing integrals over t are given by:
S1 (x| K3| K3
T =———c 2" 2 4.31
! 2739 (4.31)
351 (x| K3|K°)?
T5 = —% (5153 + K - Kgsl) s (432)
(x|K3| K} p 3 2 a3
T3 - —W 155153 + 30K1 . K35153 + 11(K1 . Kg) Sl
+ 35153 4 164257 > (4.33)

where A = (K7 - K3)? — 5153.

- 12 —
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Figure 4: Cut diagrams for the integral coefficients contributing to the rational parts of the n-gluon
amplitudes.

5. Rational contributions to gluon amplitudes

Integral coefficients in which a single particle type circulates in the loop are particularly
well suited to the method described in the previous section. Such calculations apply to
give the rational terms of the all-gluon amplitudes. The supersymmetric decomposition of
such amplitudes is given by,

AZ = AN=V_ g AN=1 4 Al 4 N, (A%l - ALf]) . (5.1)

Since supersymmetric amplitudes are cut constructible in four dimensions the rational

terms in such an amplitude only appear in ALf]:

Alsl = Clsl 4 Ry (5.2)

We can then compute the rational parts of any scalar amplitude by introducing an effective
mass and evaluating the integral coefficients in four-dimensions with the tree amplitudes

for massive scalars [6d, [d, [L].

The rational contribution, written in terms of the massive scalar basis, is therefore,

1 n —3 1—2 i—1
g _ _ E E § § (4]
I 24 C4§Ki+1,j|Kj+1,k\Kk+1,l
i=1 j=i+1k=j+11=k+1
n  i—2 i—1
SIS YT o
6 33K, [ K1k
i=1 j=i+1k=j+1
n i—2

1 2
12 Z Z Sitl,j C2[§}I{i+l,j’ (5'3)

i=1 j=i+2

as depicted in figure [l. The arguments of the integral coefficients are considered to be taken
mod(n), which accounts for the extra factors in front of the coefficients due to an over-
counting in the summations. Our notation also suppresses the momentum flowing from
one of the vertices of the integral since it can be inferred from momentum conservation.
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5.1 Analytic expressions for the four-point amplitude

As an explicit example we present an analytic computation of the four gluon amplitude
which has been considered previously with similar unitarity constructions [, [[§]. Here
we only require the three- and four-point tree level amplitudes with a pair of massive

scalars [pg, [7{:

A3(15,27,3) = i<2[‘21§‘2§]2], As(15,2%,3,) = z[2<’21§§> (5.4)
2 2
Ay(15,27,3%,4,) = z% Ayg(15,27,37,4,) = z% (5.5)

where p is the mass of the scalar particles. We then construct the integrand for the
quadruple cut using K4 = p4, K1 = p1, Ko = ps which leads to a simplified solution of the

general on-shell constraints from eq. ([L.5):
2
a=0, b=0, d=-1 (5.6)
€841

The fact that we only require information about the leading behaviour in ;2 means it is
sufficient to look at the leading behaviour of the coefficient c:

weo \/ (K| Kol K] (1]2/4

= E | T (5.7)
(K] [ K| K7) (42[1] 511

In fact, since we have a product of four tree amplitudes, we find the coefficient is only a
function of ¢? and so there are no square roots appearing in the final values:

cllat 2t 3t 4t) = %, (5.8)
cif (1= 2%, 3% 4t) = —%[?gf’], (5.9)
cll(=,27,3%,47) = %, (5.10)
cll- 2t 37,4%) = %. (5.11)

The triangle coefficients are particularly straightforward to evaluate since the Inf; operation
is equivalent to performing a Taylor expansion around ¢ = co. It is helpful to choose the
two massless legs of each triple cut to form the basis since this simplifies the form of the
analytic expression. Let us be slightly more explicit by giving the specific details for the
computation of the Cs.12(17,2%,3%,47) coefficient. In this channel it is easiest to choose
K1 = p3, Ky = py since both S7 and Sy will vanish and the two solutions, one each from

eq. (E16) and ([:19), are:

L= 31— 2 ), (5.12)
812t

) s

I = 14)[3 - 2= |3)[al. (5.13)
512
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The product of tree amplitudes is trivial to write down:
- (1]12]2]* (3[04 [4] (4] 11 3]
Ay (—11,47 1) Aa (=19, 17,27 13) A5 (1 +l:2< :

We are then left to insert the two solutions for /1 and sum over the two values according

to equation (5.75).

(5.14)

[24]%[34] 23

Infu[lnft[AlAQAg(ll)H|“2’t0 = -2 (12> (34>[12H14]2’ (515)
2 s 82
T, [Tnfy[ Ay Ay Ay ()]0 = —2i <12[>2<4§ 4%1]2] e (1 - ?éj) . (5.16)

So, after applying momentum conservation, we find the final result:

2] - _ @ (3%2 —2s3,) [32]
Ciia(17,27,8%,4%) = (23)(24)(34)[21][31] (5.17)

Following the same procedure for the other channels and helicity configurations quickly

yields:
2] (1— ot at+ 4+ — _i<12>[32]2
C(3;23(1 72 73 74 ) - <24>2[21] ) (518)
2] (1= oF at+ 4+ is12(32][43]
24(17,2 47) = ———————— 1
C3,34( ’ 73 ’ ) <23><34> [31]2 ’ (5 9)
(2 2
2 (1= ot ot giy (533 —2s3,) (12)
and for the — + —4 amplitude:
2] (1= oF a— g4y 20812524
C(3;12(1 72 73 74 ) - <24>2[31]27 (521)
2] (= ot a— 4+ _ 20523(13)(23)
Cigs(17,27,37,4%) = TS (5.22)
Oy (17,27,37,4%) = CF1,(17,27,37,47), (5.23)
CP(17,27,37,4%) = O (17,27,37,47), (5.24)

with all other coefficients vanishing.

For the bubble coefficients, we minimise the number of triangle subtractions by choos-
ing x = p1 for K1 = p1 + p2 and x = po for K1 = pa + p3. Again, this has the benefit
of giving us results directly in terms of the external momenta and yielding simple analytic
forms. The the individual solutions for ¥y, and y_ in the triangle subtractions can lead to
some spurious denominators and square roots. It is, therefore, beneficial to perform the
sum over the two solutions algebraically. By considering the boundary behaviour at large
t we can write the solution for y4 as:

1 1
Y+ = a4t + oo+ + 7B+ + O <t_2> (5.25)
(K| K3|K3) — S1(x|K3|x] £ Va

5.26
TN (5:26)

o)+ =
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2 a
b 42 ~2 b 2
ans = £ (qufguf;](sl ) Ve ISIGS+ ) ) 5.28)
a = (Y(K3| K3 K] + S1 (x| K3|x])* — 47”5153 (5.29)

The coefficient is then left as a function of o; + and by using sets of identities such as,

1 K| K3| Kb — K3lv])?
520@2(% 11K3| K] — S1{x|K3]x])” + (5.30)
+

45F (x| K3| R3]

we are able to identify terms free from square roots after the summation is performed.
Such a procedure is systematic and has been performed using symbolic manipulation in
FORM [[1]. Therefore, after a little algebra, we quickly arrive at the expressions:

. 21 (813 — 823) <13><14>

Ciia(17,27,37.47) = (12)(23) (24) (30)° 21] (5:31)
02[?}23(1—’ ot 3t 4ty — _ 2is94 (2253?2;122[)2(11]2”32]2 (5.32)
B0, 5t 0ty = 20 j;;;zijifglﬁiﬁgiﬁ” (5.33)
(-2t 37, 47) = 2 (581328%; ?;j;;) 13 (5.34)
cBl,a- 2%, 37,47) = 2 (281323%(52842;2) 13" (5.35)

with all other bubble coefficients evaluating to zero.

The resulting expressions for R} agree numerically with the known analytic results 5.
The form of the rational term is slightly different, and in some cases less compact, than those
obtained through on-shell recursion but include both direct recursive and cut completion
terms. Here we have the advantage that we do not need to calculate any completion terms
for the cut-constructible parts and there are no problems associated with the factorisation
in complex momenta.

5.2 The five- and six-point all-plus amplitudes

In this section we demonstrate how the technique applies to higher point amplitudes in a
straightforward way. The finite helicity configuration with all gluons carrying positive helic-
ity is a particularly simple example since there are no triangle or bubble type contributions.
We only need a single five-point tree amplitude to evaluate these all-plus configurations up
to the six-point level:

in*[2[1(2 + 3)[4]
(23)(34) (2[1]2](4]5/4]

AV, 2% 37 4t 5,) = (5.36)
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We can again make use of eq. (5.7) to quickly determine the leading 1% dependence of
the quadruple cut which results in:

1
RI(1%,2%,3%,47 5%) = —EC’E]H(fr, 2% 37,47 57) + cyclic perms. (5.37)

Ol (1%, 27,3% 4% 5%) = ?i[;ﬂ[:(i”i?’]5[5§1 (5.38)

where
trs(1,2,3,4) = (1]234]1] — (1]432|1] (5.39)
For the six point amplitude we have three independent coefficients which also follow from
a similar procedure:
1

RI(1*, 2+, 3%, 47 5% 61)= 604[1?}123(1+,2+,3+,4+,5+,6+)

ol

1
_ 6 4;12|34(1+’ 2+’3+’4+, 5+’ 6+)

L
- 304;12|45

(1%,2%,3%,4% 5% 61) +cyclic perms.
(5.40)
2i (s45(6]1 + 2|3][51][64]* — s46(5|1 + 2|3][54]%[61]) [56]

oW (1t 9t 3t 4+ 5t ) =
1125(17,2",37,47,57,67) (12)(23)tr5(5, 4,6, 1)trs(5, 4, 6,3)

(5.41)
 2i(5|1 + 2|6](6]1 + 2|5][12][43][65]*

oW (1t ot 3t 4t 5t 61) = 5.49

112017, 27,37,47,57,67) (12)(34)tr5(5, 2,6, 1)trs(5, 4, 6,3) (5:42)
2i ({31 + 2|3](6]1 + 2|6] — 12][54][63]2

04[4;1]12\45(1—'—7 2+’3+’4+’ 5+,6+) — ? (< | + | ]( | + | ] 336812) [ H H ] (543)

(12)(45)tr5(2,3,6,1)tr5(5,3,6,4)
These expressions all agree with the previous analytic expressions [[I5, Bj].

5.3 The five-point MHV amplitude

As a more involved example we present analytic expressions for the five-point MHV config-
uration RY(1%,2% 3% 47, 57). This amplitude has been derived previously using a string
based analysis [[[3] and more recently using on-shell recursion relations [B7]

5
_ 1 4 _
RI(1T 27 37 475 ):Z(—ECL;L(k+1)(1+,2+,3+,4 ,57)

k=1
102 + oot at g4— £
_§Cs;k(k+1)(k+2)(1 ,27,37,47,57)
10 + ot at 4 £
_503;k(k+1)\(k+2)(k+3)(1 ,27,37,47,57)
Sk(k+1) ~[2] -
T 6 C2;k(k+1)(1+72+73+74 . )> (5.44)
1 4 1 2
- 604[;20&),1 o §Ci£>;10tal
5
Sk(k+1) ~[2] + ot at 4= 5—
_kZ:l 6 CQ;k(k—i—l)(]‘ ’2 73 74 75 ) (545)
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The computation of box contributions follows in the same way as for the all-plus configu-
ration though the lack of symmetry means each coefficient must be computed separately.
The additional tree level amplitude required is given by [p9, [{],*

i(2|1(3 + 4)5]4]? B iu?[34)3
(23)(34) (2[1[2)(4[5|4][2/(3+4)5[4]  s234[23][2[(3+4)5]4]°

The sum of all five box contributions then yields the following simple result:

AL (15,27, 3%, 4%, 5g) = (5.46)

[ 2 ((142(25)°[532[21]°
Citotal = Zka pen(17527,85,47,57) = oo 5 << 12)2(34)[43][51][52]
5)2

2(14)(25)(45)BL][53)[21]° | (45)°[B1°[52)[21] _ (45)[31][32](21]

(12)(34)[43][51] (34)[43][51] [54]
| (45)°[43)[53][21] _ 2(24)(35)(45)[31)[32]*[41]  (45)*[31]*[32][42]
(212>[ 4] 2 <15>2<23>[43][51] (15)[43][51]
35 45)2[32][41][51
s >[4[2] []43[] B ]>’ (547
while for the sum of the ten triangles we have,
o 2i(24)[32)%[21]3 i(23)[32)3[21]3 i[43][21]3
total T o151 112]2[42][51][52] (2[5 + 1|22[422[51][52]  (23)[42]2[51][54]i
i(12)[32]3[21]3 2i(24)%(25)[32][21)? 2i(25)[32]3[21]?
25 + 122[42][43][52)2  (12)(23)(2]5 + 1|22[51] (2|5 + 1|2]2[42][43][52]
i(15)[53]3[21)? 2i[31][21] i(24)2(25)2[32][52][21]
- (12)23]p1p22[B4] T (23)[42)p1B4]  (12)2(23)(2]5 + 1[2251]
2i(24)(25)%[32]%[21] i(24)2(25)2[32][42][21] i(45)[53]?[21]
(12)(23) (2[5 + 12]2[43]  (12)(23)2(2[5 + 1]2]2[43] * (12)?[51][52][54]
i(15)(32][53]* [21] i[31]%[21 N i(45)[32][41]? i[31]%[32]
- (12)2[43][5212[54] * (23)[43][51][54] © (23)2[42][43][54] * (12)[43][51][54]
i(34)[31](32][41]? 2i[31][32]? i[32*[51] (5.48)
(23)2[42][43][51][54] ~ (12)[43][52][54] ~ (12)[43][52]2[54] '

The bubble coefficients are more complicated for higher point amplitudes due to the appear-
ance of additional poles in the triangle subtraction terms. In order to give compact expres-
sions it is convenient to leave the sum over y4+ unexpanded. We choose a value of x = p;, for
the K1 = p+ pra1 channel which ensures there are a maximum of two triangle subtraction
terms. Furthermore it is useful to note that to evaluate the coefficient at the boundary of
the u contour it is sufficient to use the following values for the non-vanishing integrals:

2

Yo =1 Yi =0 1@,:—3“—51 (5.49)
_ Si{x| K7 _ 1281 (x| K3 K7
T = A Ty =0 Ty = Ty (5.50)

4We note that one must compensate for the different normalisation of the spinor products used in [@]
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The justification for this can be seen be examining the expanded forms of the Inf operations

given in appendix [A].

2i([32][51] — 3[31][52])[32]?
(12)2[21][43][52])%[54]

— a2 (14))2 (e 22 (15) — (25))[21]([31] + oy %?[32])2[52]

05112(1+,2+,3+,4—,5—) =

o 0; Dgg(a1’§2,1,1+2)<12> (34)(5]1 + 2/5]2[43][51] ’ (551
2] ooy 2i([31[42] — 3[21][43])[31)7
Crzs(17,27,8%,47,57) = (23)2[32][43]2[51][54]
2;ps1 —a 2;ps1 a 2;ps1

|y (24— BO)(B5) - 0 (2525 + BN +en BB

o—t D55(a1’§“’1, 2,2 + 3)(15)(23)2 (4[5 + 1]4]?[42][51]
C 1+ ot 3t 4 5y = 2i(24)(25)*(35) 10i(25)2(45)  4i(24)[21][41]?
o 3(12)(15)(23)4[43] ~ 3(12)(15)(23)°[43]  (23)°[42][43][51][54]
_ 4i21)[31[41) 2i[21][32][41)? 2i[21][41)?[53]

(23)2[42][43][51][54] ~ (23)2[42]2[43][51][54] ~ (23)%[42][43][51][54]*

Y Z < (a212(35) — (45))(3[1 + 2/4][21][43] (af%'2)*
Diy(a7®12,3,3 + 4)(12)(5]1 + 2|5]2[53]
7?2 D51 (a2, 3,3 + 4)(3[4[2][42] (a72)?
D55(oz1’p2 3,3 + 4)(15) (2|3 + 4|2]2[51]
8Ds1(a7%2, 3,3 + 4)%(23)%(34) [42)([32] + 72 [42])(a)72)3
3Ds5(a%?, 3,3 + 4)534(15)(2]3 + 4]2)4[51]
N 2D51 (a2, 3, 3+4) DLy (a7h2, a2, 3, 3+4) (34)[42] ([32]+ a2 [42]) (a2 )?
Ds5(07%2,3,3 + 4)(15)(2]3 + 4[2]2[51]
B Ds1(a}%2,3,344)2Dis (a7, o2, 3, 3+4)(34)[42]([32] 4072 [42]) (a}2)?
Ds5 (a2, 3,3 + 4)2(15)(2]3 + 4/2]2[51]
af2 D5y (0772, 3,3 + 4)2534[42)([32] + 72 [42])(07%2)?
Dss(a}?2,3,3 + 4)(15)(2|3 + 4/2]2[43][51]
2D51(041’p2 3,3+4) <2a1’£2ai”§2334 + ) [42]([32] + 0‘1’52 [42])%’52) (5.53)

_|_
Dss(a}?2,3,3 + 4)(15)(2|3 + 4/2]2[43][51]
CFs(1%,27,3%,47,57) =0, (5.54)
Oy (1+,27,3%,47,57) = O, (37,24, 1%,57,47), (5.55)

where we define the following functions,

ak;K.‘; _ (k‘k + 1‘k]<k + 1’K3’k + 1] — Sk(k+1)<k’K3‘k] F o
b 25 (k+1) (k| K3k + 1] 7

(5.56)

. [0
azy’ = 3F§<kIK3Ik‘ +1], (5.57)
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2
Day(ep.0) = —a?(zp)ld’y] + o (mq"ry] - M@c\m) Fad)pyl,  (558)

2
DLy (asBopo) = (ﬁ T 2@6) wp) ey + (<:c|qb|y] - 257<x|p|y1) L (559)
q2

2p-q

where qb =q— p.
The function « is given in equation (f.29). These expressions have been checked numeri-
cally against the known results of [/

5.4 The six-point — + — + —+ amplitude

As a final analytic example we consider the NMHYV six-point amplitude with alternating
helicities, R(17,2%7,37,4%,57,67). This amplitude has been considered in previous an-
alytic studies based on Feynman diagrams [[3] as well as more recent numerical unitarity
approaches [Bl], 5J]. Here the analytic expression can be reduced to a set of seven inde-
pendent coefficients through the symmetries of the external helicities. We first define three
transformation identities:

ar:(1,2,3,4,5,6) — (I4+ 1,1+ 2,1+ 3,l+4,1+ 5,1+ 6) (5.60)
al :(1,2,3,4,5,6) — I+ 1,014 2,043,1+4,1+5,1+6)|yo (5.61)
3:(1,2,3,4,5,6) — (6,5,4,3,2,1) (5.62)

The rational contribution to this amplitude can then be written as,

RI(17,2%,37,47,57,67) = —% Z (ak (Cﬂ23> + o (Oﬁ[j]12\34>
k=0,2,4

+ o (Cf]mms) + O‘ch+1 (Cé[l?}l23> + O‘LH (04[1?}12|34> + aLH (Cf}12|45)
3oy, (C:L,?}1234) + 3oy, <C§}123x45> + 30‘2+1 <O3[?]123m45) + 3ags <ﬁ <C§}123w45))
+3af <ﬁ <CZ£?}1239045>) + o <C3[?]12w34w56> +af <C3[?]12w34w56>

+ Sk41,k+200 <02[2]12> + Sk+2,k+30k+5 <ﬁ <C2[2}12>) + Sk+1,k+2,k+30% <C2[2}123)> . (5.63)

The procedure for computing analytic forms for these coefficients has been automated with
the help of symbolic manipulations in FORM [71]]. In particular the procedure does not
require any prior algebraic manipulation of the tree level amplitude although the final
form of the coefficient will depend on the form of the integrand. We have found it use-
ful to choose a basis for the loop momenta that reflects the symmetry of the coefficient.
Therefore adjacent massless legs were chosen where possible. However for the 2-mass easy
box configuration it is much simpler to choose the two, non-adjacent, massless legs. The
solution to the on-shell constraints in this case can be easily obtained from ([..5) using an
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exchange of Ky «— K3.

a 2i
Cii23(17, 27,37,47,57,67) = trs(n] REDIETRIE. ,6)
< trs (11,2, 5,4, 6)°trs (n3.2, 5, 4, 6)%[64] - <13>4<5‘46’5>[64]> (5.64)
(4]6]5](6]4]5)[21][32]tr5(5,1,6,4)tr5(5,3,6,4)  s123(12)(23)(46) '

2itrs(n1.2,5,1+ 2,6)%tr5(n34,5, 1 + 2,6)?

ol (17,27, 37 4% 57 61) = 5.65
4?12‘34( ’ ’ ’ ’ ’ ) 812834856<6|1 + 2|5]2t1‘5(5, 2, 6, 1)tI‘5(5,4, 6,3) ( )
(4] - ot + + (4] - ot r— 4+ 9= @t
04;12\45(1 27,37,47,57,67) = 0412\34(1 ,27,57,47,37,67) (5.66)
where we have defined complex momenta ni-f = < |v*|7] and 772 J‘ . = ( vk f1k).

Following a similar automated procedure expressions for the trlangle and bubble con-
tributions have also been generated and have been checked numerically against the known
results. However, since the expressions for these remaining coefficients are quite lengthy
and not particularly illuminating, we include a Mathematica input file, R6émpmpmpCoeffs.m,
containing the coefficients which follows the notation of the S@M package [pJ]. To present
more compact forms ofthe triangle subtractions terms it was necessary to use a slightly
expanded basis functions than was used in the five-point example:

2 X z
D2, (. prq) = —a* () ly]z) + o (<:c|qby|z> - %) ) plyle), (567)

b = —a?[zq’ 2l +a | [z|¢y)z] — 7q2[x]py\z] S CANIE
Dyy.(a,p,q) = —a[zq’)(ply|2] + ([ lq"y] 2] wlalp) >+[ PG |ylz], (5.68)

2 xr z
Dl B d) = = 5=+ 208) e liah + 8 ((aldolz) - o) (s

2 X z
DYl 5up) = — (o + 208 ) ) obole) + 5 (Lelaolel - T2 o)

with all other definitions given in equation (5.60). The bubble coefficients are then given by:

u 1 - — = 5
CQ[ ]12 — 2[?]1721) b 5 Z Cg}l,sz Pe 4 Cg}l,sz P5+D6 + Cg]lez Pa+p5+Dpe (5'71)
o=+
2 i 2],bub
Cilan(KY) = = iCH" (K7)

- Z ORI (KD) + CLs2 PP (K3) + R P (< KD)  (5.72)

where x = p; has been chosen for the basis in both cases.

Since the procedure for analytic extraction has been automated it has also been possible
to generate unsimplified expressions for all other configurations with up to six gluons which
have been checked numerically against existing results. These expressions are available from
the author on request.

5.5 Remaining helicity configurations

Since the extraction is purely algebraic is also well suited a numerical extraction. One
possible way to do this is to use the discrete Fourier projections to find the value of Cﬁ[jl].
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From eq. (.14) the box contribution can then be written as,

pul

Z Z A1A2A3A4(11 NUSH (5.73)

o=% k=0
[tk = oo €XP (2m’p%> ,
where i, is some large constant and p, + 1 is the number of points around the circle

of integration, on which the residue is evaluated. It is straightforward to write down
equivalent expressions for the triangle,

Pu—lpe—1
=0y = )IDIDIE A1A2A3 5t 113), (5.74)

2p P =0 =0
[k = oo €XP (27”'1%) , t; = too €Xp <2m’pit) , (5.75)

and bubble terms,
b b[2] pu—lpi—1py—1 2

co" SAAly,t_, 5.76
2 pptpy OIOqOZ 121(q11#k)) ( )

I Pu—lpi—1 3 T
o >3 Ao . ) (5.77)

2p Pt ;3 =0 =1 Ml

k=0
= esp (i) o= o (k) = g (i)

Since the locations of the boundaries depend upon the order in which we take ¢ and y large,
we must take &« = —1 for the bubble terms and @ = 1 in the triangle subtraction terms.

The method of Fourier projections has already been shown to be extremely efficient
in both the BlackHat code [BI] and with the OPP technique PJ]. In general one can
arbitrarily increase the numerical accuracy by increasing the size of the circle, pso, and the
number of points p,, > 4. We note that, in order to find a stable numerical implementation
at fixed precision, it would be necessary to make explicit subtractions of the poles from
pentagon integrals 26, pJ, R1]]. This could be done in an analogous way to the treatment of
the cut-constructible contributions in the BlackHat code by computing values of 1> which
put the additional propagator on-shell [B1].

We have tested our method for the direct extraction of the rational terms for the
remaining one-loop gluon helicity amplitudes with up to six external legs using a numerical
approach with discrete Fourier transforms. In order to compare with the known results
it was sufficient to proceed without the subtraction of higher order residues in place of
considering a large radius for the integration contour. The required tree level amplitudes
have been generated using on-shell recursion relations literature [69, [[(]. The rational terms
have been checked against the known analytic results [B7, 0, BY] and the numerical results
of references [f2-F4]. We have also checked these results against expressions generated
analytically through an automated implementation of the direct extraction method. In
order to achieve numerical precision of at least 1079 it was necessary to use a radius for
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each contour integral of 10% (i.e. the parameters fiso,too, Yoo) and in some cases evaluate
at a large number of points around the circle (i.e. p,, ps, py ~ 10). This was achieved using
symbolic manipulation in FORM [[1] and numerical procedures in Maple. In order to
obtain a more stable implementation, subtraction of the residues of high point functions
from the complex plane [BI, P would allow setting all the radii to 1 and minimise the
number of points required around the circle. It is expected that these improvements would
considerably improve the speed of the algorithm but we leave such an implementation for
future study.

6. Rational contributions to quark amplitudes

As an example of how the method can apply equally well to amplitudes with external
fermions we re-compute the rational parts of the four-point process with a pair of massless
quarks, gg — qg. The n-point colour ordered amplitude can be written as:

Ny N

1
Af =AE ¢ — AR L ALI/2] s AL (6.1)
1 1 susy
N 1 s Ns— N 1 o
— <—Nf + _N2> (ALL’IM + AL]) + <7 Nf - m) AL]- (6.2)

The supersymmetric decomposition ensures that the only rational contributions come from
the scalar term, Al (just as in the gluon case), and A" \where the fermion line follows the

shortest path through the loop (we refer the reader to [p for definitions of the primitive

1 Ny — N 1
fo (14— (L] s A [s]
R < " N3> R 4 < - N3> R (63

amplitudes).

Figure [| shows the rational part of ALL] written in terms of the massive integral basis.

In the following calculation we show that it is possible to reconstruct the rational
contributions to the left moving primitive amplitude by looking only at the transverse
polarisation of the D-dimensional gluon. This can also be interpreted as introducing a
massive scalar in the loop in an analogous way to the gluon examples. We then simply
interpret the D-dimensional internal fermion as four-dimensional massive fermion.?

We now construct the tree-level structures using both massive scalars and massive

fermions so that each cut has a uniform internal mass, p2.

V3(14,2s,3¢q) = iu(p1)v(ps, 1)
Va(1g,2s,34) = it(p1, m)v(ps)

®We do not present a formal proof of this fact since in general there is an ambiguity in the definition of
the higher dimensional Clifford algebra. The definition is scheme dependent and working within the FDH
scheme we simply note that there is no problem in treating the D-dimensional fermion as a massive one for
the example presented here. Indeed D-dimensional massive fermions have been treated successfully within
the FDH scheme in a recent paper [@]
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Figure 5: Integral basis for the rational part of the leading colour contribution to the gg — ¢q
amplitude, RLL].

where we can use the following representations for the fermion wave-functions:

u+(q,n) = %, vi(q,m) = % (6.6)
The relevant four-point amplitudes are given by:
A4(14,27,35,4q) = m(m();"g;]’ﬁ)2<>l|3|2], (6.7)
Ay(14,27,35,40) = z’ﬂ(p12;)|(§|z;,]g)l<]2l3ll]7 (6.8)
A4(10,25,3%,4,) = iﬁ(pl{ﬁé]’;ﬁﬁf'm?’] , (6.9)
A4(10,25,37,4,) = iﬁ(pl;;;Téﬂz)z))a?"Z'q , (6.10)
As(1],25,35,4;) = i(42]1] (;: + m> : (6.11)

The leading mass components of the seven integral coefficients, shown in figure [, are
easily computed with the techniques used for the gluon amplitudes in section [f. Firstly we
note that for the leading colour primitive amplitude all box contributions are zero since the
maximum power of y that can appear in the product of the four three-point vertices is three.
The first non-trivial coefficients are therefore the triangle coefficients which we present here
for the three independent helicity configurations. The + + +— configuration is given by,

i[12][23]

2] -
03;12(1;a2+,3+74q) = W? (6.12)
2 _ i[23]?
03[;]23(1;—72+73+74q) = —ma (6.13)
1(14)[12 1(14)2[12
CHL(F, 27,37 47) = i)l | i) |12 (6.14)

2(23)(13) | (12)(34)(13)’
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_’i (814(13><24> + (814 — 4824) <12> <34>) [32]

2] 1+ ot at+ 4—) —
Cyn(15,27,37,47) = 3712) (13) (14 (23)[A1] , (6.15)
4 :
[2] + oot ot 4=y U31](2513 + s23)
203;/6(/6-{-1)(1(]72 73 74(7)__ (12><23>[41] ) (616)
k=1
the + + —— configuration by,
- i(34)2
9 it ot e oy G04)(23)(38)  i(34)2[21)
Caasllg 2737 4) = 2(12)2(24)  (23)(24)32]’ (6.18)
Oy (1F,27,37,47) = L, (15, 27,37, 45), (6.19)
) o i(14)(23)[21]
Cin(1] 2,37,47) = - 2(12)*[31] (6.20)
4 .
(2] boot et 4oy _ is13(34)[21]
C 1F, 2t 3% 47y = - 2B\ 6.21
kZZI 3,k(k+1)( q q) 823<24>[43] ( )
and finally the + — +— configuration,
2] (14 o at 4y _ H24)[41][43]
C3;12(1q72 73 74¢j)— 2<23>[42]2 ) (622)
2 4+ o ot 4oy _ 31 (s24([31][42] 4 [21][43]) — 523[21][43])
Cy03(15,27,37,47) = 2(23) 21| B2][A2]2 . (6.23)
Oy (1F,27,3%,47) = O, (15, 27,34, 47), (6.24)
2 4t o at 4y _  (14)(23)[31]
C3;41(1q72 73 74¢j)— 2<13>2[21] ’ (625)
4 , 5
[2] boot at 4oy _ H12)[31]
ZCS;k(kJrl)(lq’Z ;3 ,4«1)— 323[24] . (6.26)

k=1
There is only one non-zero bubble coefficient for all the four point fermion amplitudes
considered here. This is the 23 channel for the 4+ 4 +— helicity configuration for which we

choose a basis defined by K7 = ps +ps with x = p; (= K ? = p3). This choice ensures that
there is only one triangle subtraction term and the two integrands are:

_ o 2uP23){4l 1] (1 1
C2;23(1;,2+,3+,4q) = W <;41 + m) (627)
_ 23]l )

Cyy =P (1f, 27,3, 47) = (6.28)

(23)(2[1112]
Since Ty = 0, the triangle subtraction term will vanish after substitution and expansion of
the loop momentum. The second term in the pure bubble is also suppressed by an addi-
tional power of the loop momentum and therefore vanishes after taking the large y limit.
The single remaining term is then gives the final value for the coefficient:

2i(4]2 — 3|1]

2 —
Coinl(15,27.3745) = == 5

(6.29)
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The rational contributions to the left moving primitive amplitudes for the process ¢ggg are
therefore given by:

R(15,2,3.45) =

N | —
(-

2 S 2
Conerny (10 2:3,49) = 2 Cyiy(14,2,3,4q) (6.30)

B
Il

1

Summing all of these components together can be quickly shown to match the results for
four point amplitudes [64, [f4]:

L]/ 14+ o+ o+ ,4— __Z<41>[13] 2512
RIP(1F 2+ 37, 47) = 21223\ 5 ) (6.31)
1
RP(1F 2+ 37,47) = §A§°)(1;,2+,3—,4g), (6.32)
_ _ 1 s _ _
RY (12 3 47) = -3 <1+S—i§> AP (1F 27,37, 40). (6.33)

The tree amplitudes above are the well known MHV amplitudes:

(0) . i(34)%(31)
0) 1+ o oy i{24)°(21)

7. Conclusions

We have presented a general method for extracting rational contributions to gauge-theory
scattering amplitudes using D-dimensional unitarity techniques [R6, bJ]. Exchanging the D-
dimensional cuts for four dimensional massive cuts, we then used simple complex analysis to
express the D-dimensional integral coeflicients as contour integrals over a complex mass, (,
evaluated on a circle at infinity. Here we have gone beyond previous approaches [21], Bd, 53
by making maximum use of the complex behaviour of the corresponding contour integrals.
We have shown that it is not necessary to compute the pentagon contributions explicitly,
thereby reducing the computation of rational terms to the evaluation of generalised massive
cuts of box, triangle and bubble functions in the large mass-limit. The formalism leads
directly to compact analytic expressions for the rational terms.

To demonstrate the method we have computed analytic expressions for the rational
parts of one-loop gluon amplitudes using a massive scalar loop. This has been tested by
re-computing gluon helicity amplitudes with up to six external legs. We have also shown
that the method can also be implemented numerically using a discrete Fourier transform.
The implementation was sufficient to evaluate all helicity configurations with up to six
external gluons but we leave a detailed analysis of accuracy and speed to future work.

We have also presented a simple example of how the method can be used to compute
amplitudes with massless external fermions, considering the leading colour primitive am-
plitude for the process q¢ — gg. Here we show that the rational terms can be extracted
using tree amplitudes where a massive fermion couples to a massive scalar inside the loop.
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Since the procedure is based on looking at four-dimensional cuts it is reasonable to
expect that one can obtain a similar level of computational speed in comparison to calcu-
lations of the cut-constructible terms [[fq, B1], though further analysis of the subtraction
terms is expected to be necessary. It does have the benefit over on-shell recursive tech-
niques that it avoids problems of unknown factorisation properties in the complex plane
and therefore applies generally to any process, in particular to those with internal masses.

Although the present paper concentrates on applications to amplitudes with massless
external particles the main part of the procedure applies equally well to the case of massive
ones. In this case the bases for the loop momentum in each of the cuts would have to be
modified slightly as described in reference [B(].
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A. p? dependence of the integral coefficients

In this appendix we use a simple power counting argument to demonstrate the maximum
power of ;2 that can appear in the n-point gluon amplitudes fits the format described in
section f|. Although the final result is assured for general amplitudes in any gauge theory the
following analysis sheds light on the analytic expansions of the Inf expansions, showing that
only a few terms in the expansion contribute to the final rational terms. This information
can then be used for efficient computations of the boundary behaviour. For the form to
hold we must show that the leading dependence on p appearing in any massive box cut is
pt and p? in any triangle or bubble. This property is shown to hold in both the OPP/GKM
formalism [P6, fJ] using a simple argument from the dimension of possible tensor structures.
It is this argument that allows the parametrisation of the cut in the GKM approach and
so we see that it is related to the decompositions of the Inf,, components of the cut given
in equations ({.13),(.1§) and the analogous relation for the bubble coefficients. In the
analytic approach of Britto et al. the p-dependence can be determined through explicit
analysis of the spinor integrals [RI]. Here we use a slightly different approach to justify
these statements, appealing to properties of the tree level amplitudes.

We begin by considering a general quadruple cut given by the product of four tree
amplitudes. Schematically the loop momentum can be written as,

2
1(42) = a1 + anc + % _ £ CO“* (A1)

the solution for c is given by equation (.§) from which it is clear that c scales as \/u2. It
is then clear that the loop momentum given above scales as y/pu? in the large p limit.
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l l—i—KLn

Figure 6: The momentum flow of a massive scalar through a generic tree level Feynman graph.

The next step is to consider the dependence of a generic tree amplitude on the loop
momentum. For clarity we restrict ourselves to considering a single massive scalar loop
although it should also be possible to apply a similar argument to more general cases. The
tree level amplitude can be characterised by considering a massive scalar flowing through
a general Feynman graph as shown in figure f]. The gluon-scalar-scalar vertex is simply
proportional to [ - ¢ and each of the propagators will scale as,

1 1
(I+K)2—p2 21 -K)+K?

The maximum dependence on [ will come from graphs with the maximum number of
vertices. Such graphs will have n vertices but will also have n — 1 propagators, from which

we can deduce:
I—A

AO (1) A= A4 (). (A.2)

S

Taken together with the scaling of the loop momentum, this is sufficient to show that the
product of four tree amplitudes scales at most as p? in the limit u — oo.
For the triangle coefficients we have to consider the expansion in ¢ in order to observe
the expected behaviour. Here the loop momentum is given as
,U2Oé4

I(u?,t) :oq—l—ogt—l—%—l— t (A.3)

We have that in any triple cut the maximum power of ¢ that can appear will be three,
which follows from the argument given above for the scaling of the tree level amplitudes.
More specifically we have maximum difference of three powers of the loop momenta be-
tween the numerator and denominator and so we can write the boundary behaviour of a
general triple cut as:

Tnf,,2 [Tnf[C5]] = 7]3]: ’fg)) (A.4)
n n—32m

Pox) =Y > 'z (A.5)
m=0 k=—n

In order to encode all the mass dependence in the coefficients a, b we have first re-written
all explicit mass dependence in the tree amplitudes as p? = Iy - I;. After expansion, the t°
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component of Cj is,

2 aiob2, 1 apobs1 ap,obi,ob2,1  biroaz1  as;
Inf[Cs]|p0 =p~ [ — 2

2 2 3 2
bo,o bo,o bo,o bo,o bo,0
b by ob b b b2 pa10 b3 ga
1,002,0 0,001,002,0 @0,003,0 , a3,0 1,002,0 1,041,0 1,040,0
T TR T2 o 2o b3, b (4.6)
0,0 0,0 0,0 0,0 0,0 0,0 0,0

which shows that the triangle coefficients have the expected behaviour.
Finally we use a similar argument to prove that the bubble coefficients also scale at
most as ;2. The loop momentum in this case is
2 2
142, t,y) :a1%+a2%+a3y+a4t+a5’%+a6 (A.7)
We then write down the boundary behaviour of the most general double cut integrand as
a ratio of two polynomials,

P (a)
Inf, [Inf,[Inf, [[Cs]]] = /"7(1)) (A.8)
n—2
n n—2m n—k—2m
Pua)=> > > e ikinm (A.9)
m=0 k=—n [=max(0,—k—m)
Again, using the argument on the scaling of the tree-level amplitudes, we see that the
polynomial in the numerator has two powers more than the one in the numerator. The

series expansion of Cy then gives us the following expression for the pure bubble cut:

2
az20 ao00b220 ai10bi10 . ao00b1,1,0
Inft [Infy [CQH |t°,y—>Yi = Yé <b — 5 — 5 + 3
0,0,0 bo,0,0 bo,0,0 bo,0,0

2
LY <a2,2,0 ap0,0b220 a1,1,0b1,10  @0000b1,10
1 - 2 2 3
b0,0,0 b0,0,0 b0,0,0 b0,0,0

0,00 b1,1,003,11  a20,1b220 | @421 a000ba21  ai10b31,1

ap,0,0 b2,0,1 b2,2,0
+ 2 (2 3 +2 3 2 b 2 b o 2
bo,0,0 bo,0,0 bo,0,0 0,0,0 bo,0,0 0,0,0
2 2
Caz1ibiio a2200200 L 0201 b1,1,0 _ 3 9000 b1,1,0°02,0,1 490010 b1,1,0 52,0,1>
2 2 3 1 3
b0,0,0 b0,0,0 bo,0,0 b0,0,0 b0,0,0
ap0,0b420 @1,1,00310 @1,00b320 G200b220 a210b210 a220b200
- 2 2 2 2 2 2
bo,0,0 b0,0,0 b0,0,0 b0,0,0 bo,0,0 bo,0,0
2 2 2 2
a3 1,0b1,1,0 L 9200 b1,1,0 L 9220 b1,0,0°  a32,00b1,00 L 420 60000 b1,0,0°01,1,0
B 2 3 3 B 2 5
bo,0,0 bo,0,0 bo,0,0 bo,0,0 b0,0,0 bo,0,0
a0,0,0 b1,0,0 b3,2,0 a0,0,0 b1,1,0 b3,1,0 a1,1,0 b1,0,0 b2,1,0 a1,0,0 b1,0,0 b2,2,0
+ 2 3 + 2 3 + 2 3 + 2 3
bo,0,0 bo,0,0 b0,0,0 b0,0,0
2
a1,0,0 b1,1,0 b2,1,0 a0,0,0 b2,2,0 b2,0,0 a1,1,0 b1,1,0 b2,0,0 a0,0,0 b1,0,0"b2,2,0
+ 2 3 + 2 3 + 2 3 -3 1
bo,0,0 bo,0,0 bo,0,0 bo,0,0
2 2
a0,0,0 01,1,0°02,0,0 a0,0,0 01,0,0 b1,1,0 b2,1,0 a1,1,0 b1,0,0°01,1,0 a2,1,0 b1,1,0 b1,0,0
3 2200 _ g : —3 L0 1o )
bo,0,0 bo,0,0 b0,0,0 b0,0,0
2 2
ap,0,0 b2,1,0 a1,0,0 b1,1,0°b1,0,0
- 03 a (A.10)
bo,0,0 bo,0,0
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Once we substitute the functions Y; from eq. (.26) we see that the coefficient scales as p?.
For the triangle subtraction terms the parametrised loop momentum is the same as in the
scalar triangle coefficient but this time we are interested in the coefficients of t3,¢? and t:

i a a ap.ob
i (32) 1 (22 - 52)
; 0,0

)

of aoob21 a1\ azop aoppb2o bipaio bioa070
+h|\p | —— |t (A.11)
bo,o bO,O bO,O bo,o bo,o bo,o

which after we use equations ({.31)—([.33) shows that the full bubble coefficient scales as ex-
pected.
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